
Parallel Performance
We multiplied random univariate polynomials with 8192 terms.
Typical problems run 5x faster with 4 cores on a Core i7 CPU.
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= 33000 terms

= 502000 terms

= 1.63 M terms

= 3.09 M terms

= 6.01 M terms

= 11.4 M terms

= 18.4 M terms

= 32.7 M terms

= 49.3 M terms

= 65.7 M terms

The speedup is relative to the fastest sequential code available.
Our code is 50x faster than other computer algebra systems.

f = (1 + x + y + z + t)30 g = f + 1

46376× 46376 = 635376 terms W (f, g) = 3332
threads Core i7 Core 2 Quad

4 11.48 s 6.15x 14.15 s 4.25x
our software 3 16.63 s 4.24x 19.43 s 3.10x

(sdmp) 2 28.26 s 2.50x 28.29 s 2.13x
1 70.59 s 60.25 s

Magma 2.15-8 1 526.12 s
Pari/GP 2.3.3 1 642.74 s 707.61 s
Singular 3-1-0 1 744.00 s 1048.00 s
Maple 13 1 5849.48 s 9343.68 s
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Multiplication Using a Heap
The key to high performance is the CPU cache. Main memory is slow.

Johnson’s algorithm uses a heap to simultaneously merge each fi× g.

The first term of each fi× g is put into a heap, from which we extract
terms in descending order. When fi × gj is extracted from the heap it
is added to the end of the result and we insert fi × gj+1 if it exists.
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The heap is O(#f ) so it fits in the CPU cache.

Inserting and extracting terms is O(log #f ) monomial comparisons.

We do at most O(#f#g log #f ) comparisons in total.

Parallel Algorithm
• Each thread uses a local heap to multiply some of the fi × g.
• Intermediate results are written to buffers in shared L3 cache.
• The threads take turns combining the buffers to form the result.
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Multicore Processors

The AMD Phenom II is an entry level CPU in 2009.
It has four cores (left), each with 512KB L2 cache,
and a 6 MB L3 cache (right) which can be used for
communication between the cores.

Most programs do not benefit from additional cores.

Sparse Polynomials
Computer algebra systems like Maple spend a lot of
time multiplying and dividing polynomials. E.g.:

f = 9xy3z − 4y3z2 − 6xy2z − 8x3 − 5

g = 5x3y2 + 2xyz3 − 3y2z2 + 7xy + 1

The polynomials are often stored in a sparse format
which represents only non-zero terms.

To compute f × g we multiply each term of f by all
the terms of g, sort the products, and add like terms.

Doubling the size of f and g quadruples the time or
worse. A lot of time is spent doing large problems.

Even seemingly unrelated tasks like integration use
sparse polynomial routines. Their speed is critical.

So how fast can we multiply sparse polynomials ?

Mathematical Operations
Common manipulations (simplify,
factor, expand,…) Right-click expression and select from menu

Solve equations Right-click equation Solve

Solve numerically (floating-point) Right-click equation Numerically Solve 

Solve ODE Right-click DE expression Solve DE Interactively

Integrate, differentiate Right-click expression Integrate or Differentiate

Evaluate expression at a point Right-click expression Evaluate at a Point

Create a matrix or vector Matrix palette Choose Insert

Invert, transpose, solve matrix
Right-click matrix Standard Operations select
Inverse, Transpose, ...

Evaluate as floating-point Right-click expression Approximate

Various operations and tasks Use Task Templates: Tools Tasks Browse

Expressions vs. Functions
Operations Expression x2+y2 Function (operator) g(x,y) = x2+y2

Definition !"#$"%&'"(")&'* +"#$",%-)."/0""%&'()&'*

Evaluate at x=1, y=2 1234,!-"5%$6-)$'7.*"produces 5 +,6-'.*"produces 5

3-D plot for x from 0 to 1, y from 0 to 1 849:;<,!-%$=>>6-)$=>>6.* 849:;<,+,%-).-%$=>>6-)$=>>6.*

Conversion to other form
!'"#$"?@3884),!-%-).*

!',6-'.*

produces 5

+'"#$"+,%-6.*""

+'"("A*

produces x2+1+z

Units and Tolerances

Add units to value or expression
Place cursor to right of quantity. Use Units (SI) or 
Units (FPS) palette or right-click Units Affix unit.

Add arbitrary unit from Units (SI) or Units (FPS) palette and
enter desired unit

Simplify units in an expression Right-click expression Units Simplify

Convert units Right-click expression Units Convert

Enable automatic units simplification BC:D,E@C:F5G:3@<3H<7.*

Enable tolerance calculations BC:D,I941H3@J1F.*

Tolerance quantity in 2-D Math !"#$ %&% for 9 ± 1.1

Tolerance quantity in 1-D Math K"L(/"6>6* for 9 ± 1.1

Input and Output
Interactive data import assistant Tools Assistants Import Data

Import audio or image file Tools Assistants Import Data

Code generation (C, FORTRAN,
Java, Visual Basic®, MATLAB®)

Right-click expression Language Conversions. 
See ?CodeGeneration for help and details.

Publish document in HTML, PDF,
LaTeX, or Microsoft® Word-RTF

File Export As select HTML, PDF, LaTeX, 
or Rich Text Format

Select Interactive Tools and Utilities
Quick introductory tour Help Take a Tour of Maple

Show available task templates Tools Tasks Browse

Plot Builder
Right-click expression Plots Plot Builder, 
or Tools Assistants Plot Builder

ODE Analyzer Tools Assistants ODE Analyzer

Data Analysis Assistant Tools Assistants Data Analysis

Unit Conversion utility Tools Assistants Units Calculator

Back-Solving Assistant Tools Assistants BackSolver

Apply numeric formatting Right-click expression Numeric Formatting

Maple Portal Help      Manuals, Resources and more 
Maple Portal

Manuals Help Manuals, Resources, and more Manuals

Graphing Calculator Interface Installs as separate program. Launch from Start
Maple Maple Calculator

Interactive education tutors for 
topics in Calculus, Precalculus, 
and Linear Algebra

Tools Tutors
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Important Maple Syntax
#$ Assignment 3#$'*"M#$;(%*"J#$3(M* produces 5 + x for J

$ Mathematical equation F9421,'N%"("3"$"6-%.* produces x =
1-a
—
2

$ Boolean equality C!"3"$"="":D1@"O

Suppress display of output Terminate command with a colon, e.g. 6===P"#

[ ]  List (ordered) A#$5J-"M-"37*"A567* produces c

{ } Set (unordered, no duplicates) Q3-"M-"3-"JR* produces {a,b,c }

Display help on topic S:98CJ
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Plotting and Animation
Plot an existing expression - click expression Plots Plot Builder

Plot new expression Tools Assistants Plot Builder

Add new expression to existing plot Highlight and drag expression into plot

Add annotations to plots Click on plot, then on the toolbar

Animation and parameter plots for 
functions of several variables

Right-click expression Plots Plot Builder
and select a plot type
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